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Abstract In terms of quantum Fisher information (QFI), a quantity x2 was introduced by
Pezzé and Smerzi (Phys. Rev. Lett. 102 100401, 2009). They pointed out that the inequality
x2 < 1 was a sufficient condition for multiparticle entanglement. For the two-qubit sym-
metric states, we found that the inequality x? < 1 is a necessary and sufficient condition for
entanglement and spin squeezing, and that 2 is equal to the second kind of spin squeezing
parameter £;. For the two-qubit asymmetric states, it is only a sufficient condition. In order
to make it a necessary and sufficient condition, we extend the concept of the QFI and x2,
and generalize the relations among the entanglement measurement, the spin squeezing pa-
rameters and x? in symmetric pure states to arbitrary pure states.
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1 Introduction

Quite recently, in terms of quantum Fisher information, Pezz¢é and Smerzi [1] introduced a
sufficient criterion for multiparticle entanglement

x>=N/Folpmn, Sil <1, (1

where N is the number of particles of the system under consideration, and Fy is the QFI
[2-13]. Thus the quantity Fp/N gives the mean quantum Fisher information per particle,
which is reciprocal to the quantity x2. In addition, pj, represents the input state, Sj is the
collective operator defined as S; =S -7 = ZIN:I o7, where o; is a Pauli matrix operator on
the /th particle, and 7 denotes the direction along which x?2 is detected.
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The QFI is closely connected to the phase estimation in metrology and quantum sensors
[6]. Generally, the output state is a linear rotation of the input state by an angle @: poy =
€'%5i pi,e 5. The estimation of the angle ¢ is bounded by the shot-noise limit Apgy =
1/+/N. According to the quantum Cramer-Rao theorem [2, 3], the phase sensitivity Ag has
a lower bound limit

Agocr = 1//Fo [pins Sil = x/¥N. ()

If x2 < 1, the state is entangled, and is useful for sub-shot-noise sensitivity of phase estima-
tion. Especially, when x = 1/+/N, the estimation sensitivity can reach the Heisenberg limit
1/N. From (2), we see that the smaller x (or bigger Fy) is, the better the phase estimation
of the input state is.

On the other hand, both the QFI and the spin squeezing are connected to the spin fluc-
tuation and the entanglement [14-20, 22]. The spin squeezing refers to the minimum spin
fluctuation of the plane perpendicular to the mean spin direction, and for pure states, the
maximal QFI refers to the maximal spin fluctuation over all directions. These suggest that
the QFI has some unknown relations with the spin squeezing. So far, a great deal of efforts
have been devoted to the study of the relations between the spin squeezing and the entangle-
ment. It was proposed that the spin squeezing can be used as an indicator for many-particle
entanglement [23]. For a two-qubit symmetric state, the spin squeezing is equivalent to its
bipartite entanglement [24, 25]. For an arbitrary symmetric multiqubit state, the spin squeez-
ing implies pairwise entanglement, for some special state, the spin squeezing is equivalent
to the pairwise entanglement [26]. Recently, the spin squeezing sudden death and the en-
tanglement sudden death were studied in different decoherence channels [27]. However, the
study of the relations between the QFI and the entanglement or between the QFI and the spin
squeezing is lacking. Therefore, one issue naturally arises: are there quantitative relations
among the quantity x2, the spin squeezing and the entanglement for two-qubit system? In
this paper, we verify that they are mutually equivalent, and x2 equals to the second kind of
spin squeezing parameter for pure states of two-qubit systems.

Our work is organized as follows. In Sect. 2, we give an introduction to the QFI, %2 and
two spin squeezing parameters. Then in Sect. 3, we study the QFI and x? for symmetric
pure states of two-qubit, for example, we numerically study x2 and the first spin squeezing
parameter in two nonlinear models with three arbitrary traverse fields. In Sect. 4, we first
extend the concept of the QFI and the quantity x2, then study the QFI and x? for arbitrary
two-qubit pure states. Finally, a conclusion is given in Sect. 5.

2 Quantum Fisher Information and Spin Squeezing

The QFI, which lies at the heart of the quantum estimation theory, is the information we
know about a certain parameter in a quantum state. It is related to the degree of statistical
distinguishability of a quantum state from its neighbors in parameter space [4, 5]. Consider-
ing a quantum state p(¢) with ¢ a parameter, the QFI for ¢ is defined as

Fo(p) =tlp(p)L]], 3)

where L, the so-called symmetric logarithmic derivative, is determined by the following
equation [2, 3]

1
d,0(p) = E[pr(w) + p(@)L,], 4)
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where 9, := 0/9¢, and L, can be resolved by rewriting the above equation under the eigen-
basises of p. Then the QFI can be obtained as

a 13 13
Folgy =Y el 2Z%|<«>J|aw,>|, 5)

i i i#j p J

where |¢;) and p; are eigenvectors and eigenvalues of p, respectively. If we want to estimate
¢ through measuring p(¢), the variance of ¢ is limited by a fundamental bound, which is
given by the quantum Cramer-Rao (QCR) [2, 3] inequality

1

Ap > Apocr = —F—=-
VFo(®)

If Fyp () is large, the variance of our estimation is small.

To connect the QFI with our problem, we consider the following scenario, which arises
in general quantum metrology process. Firstly, we prepare a system consisting of N spin-1/2
particles and this system plays a role of probe. Then it will be rotated around direction 7 for a
certain angle ¢. This process (quantum channel) is formulated as p (¢) = €'#5i p;,e %5 . Fi-
nally, we estimate the angle ¢ by measuring p(¢). The variance of our estimation is bounded
by the QCR. The QFI for ¢ is denoted as Fy[pin, Si]. As the eigenvalues of p(¢) and pi,
are the same, the expression of QFI (1) is just [1, 7, 28]

(6)

Fo [pm,s]—2Zu|<w,|sa|w,»>|2. )
Pi+ D)
For a pure state pi, = |¢) (¥ |, the QFI is simplified as
Fo [pin, Sil = 4(AS;)? ®)
with (AS;)? = (S2) — (S;)?. The following relation
Ap> % ©

gives a connection between Ag and yx. If x2 = 1, the lower bound of Ag, i.e. Apgcr is
1/ /N, the so-called shot-noise limit. If x2 < 1, the state is entangled, so the sub-shot-noise
limit is attained, and when x* = 1/N, the estimation of Agqcr can reach the Heisenberg
limit, 1/N, which is in principle the lowest variance for estimation. It’s noticed that the
above QFI depends on the direction 7, and thus is not definite for a given state. In practice,
we hope to find a direction 7, for which the corresponding QFI is maximal, and thus x? is
minimal. However, except for some special cases, this is not an easy task _There is a near-
optimal approach, with which we can find the mean spin direction 71; = (S)/|(S)|, at first,
and then the maximal QFI in the plane orthogonal to 7, can be determined.

This approach is used in computing the spin squeezing parameters as follows. There are
two kinds of the spin squeezing parameters given respectively by Kitagawa and Ueda [14],
and Wineland [15],

2 4min(AS;, )?
! N

,  Nmin(AS;,)?

s = , 10
N TRATE (10
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where subscript 71, refers to an arbitrary axis in the plane (7i,, 713) which is perpendicular to
the mean spin direction 71, where the three directions were given by [26, 29, 30]

i sinf cos ¢ sinfsing  cos6 Ty
| = —sin¢ cos ¢ 0 fy |. (11)
73 —cosfcos¢ —cosfsing sinf i,

The second kind of the spin squeezing parameter is a criteria for multipartite entanglement
[23, 26], the inequality %’,-2 < 1 (i =1,2) indicates that the state is entangled and spin is
squeezed. The explicit expression for &7 is obtained in Ref. [26, 29, 30]. If (S;,) # 0, we
have

6 = SIS, + 52— (2, — S22+ (S S50 (12)

1 — 2 iy i3 iy i3 nys Pnzl+ ’

where [A, B]; = AB + BA denotes the anti-commutator. Furthermore, if ([S7,, S;7;1+) =0,
which means there are no correlations between S5, and Sj,, we have

4min((S3,). (S;.))
=2 B (13)
N
Considering the state has symmetry under any permutation, the second kind of spin squeez-
ing parameter can be reduced to
&
&= : (14)
? (oa)?
To obtain the maximal QFI, i.e., the maximal variance of S;, we follow similar steps as
above. If [S;,, S11+ = 0, which means S5, and S, has no correlations under state p, we
have [31]

max(AS;) = max(AS; , max(AS,)%), (15)
where
1
max(AS1)* = SUSE, + 85,) + (85, = S5,)° + ([Sin, Si14)*} 2. (16)
Then the minimal x? is
N
X’ (17)

B 4maX(AS§” ,max(AS,)2)’
Fortunately, in the XY and the LMG model [22, 32-35], 7, is along the z axis, and
[So, Spl+ =0, o, B € {x,y,z}, « # B. Thus %2 and 512 are determined by just computing
AS,.

3 Quantum Fisher Information in Two-Qubit Pure States

3.1 Quantum Fisher Information in the Two-Qubit Symmetric Pure States

Having introduced the QFI and the criterion x2 < 1 for the entanglement in Sect. 2, we
study the QFI and x? in states of pair qubits in this section. We restrict states of pair qubits
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to the triplet sub-space. The collective angular momentum operator belonging to it can be
expressed as follows

2
Su=Y S mefx,y.zh (18)
i=1

where S§; , are the spin operators for the ith qubit, and the cyclic commutation relations
satisfy

[Si,;u Si,u] =1 euvy Si,yv (19)
[S;u Su]:l €pvy Sys M, V,VE{)@ va}- (20)

Considering that the output state is a linear rotation of the input state by an angle ¢, we
can treat ¢ as a parameter, then our major arm is to find the maximal spin fluctuation in
calculation of the maximal QFI in quantum states.

Lemma 1 For the symmetric state
|y =sina|11) 4 cos«|00), 21

there exist the relations among X, E,z , 522 and C

x2=s§=1—= - (22)

where |0) and |1) are the eigenstates of the spin operator S; ; with the eigenvalue 1/2 and
—1/2, respectively.

Proof For the entangled state
[y =sina|11) 4+ cos |00}, (23)

one can readily verify that the relation among the concurrence [36, 37] and two spin squeez-
ing parameters [38]

) 1

- 24
27 14cC @4)

C = sin2a], E=1-C, 3

The mean spin direction 71 is along the z-axis and its collective angular momentum operator
satisfies the condition

([Sz, Sel4) = ([Sz: Sy14) =0, (25)
then the maximal spin fluctuation has the following form

max(AS;)? = max(ASZ, max AS?(x, y)). (26)

It is easy to calculate the fluctuations ASZ2 and AS?(x, y). Exactly, we can obtain the
fluctuation in the z direction

AS? =sin*(2a). 27)
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Considering the mean spin direction is along the z-axis, we can use the method in Refs. [26,
29, 30] to get the maximum fluctuation in the plane (x, y),
1 1 sin 2«
max AS*(x, y) = S[(S7 + 7) + (Sl = % (28)
From the two equations above, it readily follows that max A S?(x, y) is just the maximal spin
fluctuation over the whole coordinate space. Finally, the maximal QFI and the minimum y?
can be reduced to a simple form, namely,

Fo =2(1 + |sin2a|), ﬁ:ﬁ. (29)
Combined with (24), we may easily get the desired result,
ot et
d
This result is useful to the later lemma.
Lemma 2 For an arbitrary symmetric state of two-qubit
|¥) = sine|11) + cosa|00), (31)

the relations given by (30) are still valid, where states |6) and |T) are eigenstates of the
operator o; - n with an arbitrary direction n = (siné cos ¢, sin sin ¢, cos )

0 i 6
cos 710} +et sin 1), (32)
- 0 i¢ 6
1) =e2 sin=|0) —e? =1 33
1) =e Sln2|> e 0052|> (33)
with eigenvalue 1 and —1, respectively.
Proof We begin with the eigenstates |0) and |1) of o; .. Firstly, we perform a rotation of

states around the y axis. In terms of the local operations, this rotation can be achieved by
unitary transformation U (S; ) = €05y Then, the two eigenstates become

, 0 .0
|0)=cos§|0)+sm§|1), (34)

W . 0 0
|1>_sm§|0)—cos§|1). (35)
Next, according to a similar procedure, if we perform a rotation of states |0’) and |1’) around
the z axis, i.e., unitary transformation U (S ;) = e~*#%i<, then the states [0) and |1') will be
transformed to the states |0) and |1) given by (32) and (33). It should be noted that operators

Si,, act only on the states belonging to its own Hilbert space. Therefore, after performing
the collective unitary transformation

U= efiabsze—ié)sy (36)
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on the state in (23), we can transform the state |/) to the state
[¥) = cos|00) + sina|11). (37)

Now we perform the rotations of the local and collective operators. Under the rotations, we
easily obtain the new local and global operators

2
Su=) Siu meix,y.z) (38)
i=1

with
Sin=USi U, welx,y z), (39)

where Ut = /%5y !#Siz Tt is evident that the cyclic commutation relations satisfy

[Si,lu Si,u] =1 epwy Si,yv (40)

(S, S0 =i€umy Sy, wovyefx,y zh (41)

For the all equations referred to the expectation values in Lemma 1, after a simply replacing
S by S , they are still valid. Therefore, Lemma 1 is invariant under the above rotation. In other
words, we need only to perform a corresponding transformation on the collective operators
when the state |y) is transformed to the state |1}). O

Proposition 1 For an arbitrary symmetric state of pair qubits
1) = a1100) + a2/~/2(|01) + 10)) + a3|11), (42)

where ay, a, and as are arbitrary constants, one can find that x> < 1 implies the entangle-
ment and the spin squeezing and vice versa. There exist the relations among them

L 3)
TERT T e T e

Proof In view of the exact expression of states |(3) and IT), the symmetric state |1/~f) can be
reduced to a simple form, namely,

%) = A1]00) + A2/v/2(|01) + 10)) + A3]11) 44)
with coefficients

. 0 0
A = e | cosacos® = + sina sin® = |,
2 2
6 . 6 .
Ay = V2cos 3 sin E(cosa —sinw), (45)

) 0 0
A; = e’¢<cosa sin’ > + sino cos? E)

By appropriate choice of «, 6 and ¢, one can achieve that A|, A, and A; are equal to a;, a;
and a3, respectively. From Lemma 2, we immediately have Proposition 1. O
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Fig. 1 (Color online) Xz, 1/(1 4 C) and C versus ® for different parameter ®. Parameter takes ©® = /8
(dashed dotted line), ® = 1 /6 (dotted line), ©® = 7 /4 (dashed line) and ® = 1 /2 (solid line), respectively.
In (a), X2 and 1/(1 + C) are presented by black lines and red lines, respectively. In (b), C was plotted

This proposition shows that for a two-qubit symmetric pure state, the criterion x? < 1,
the spin squeezing and the entanglement are equivalent to each other. Moreover, the quan-
tity x2 equals to the second kind of spin squeezing parameter. In order to illustrate further
Proposition 1, we examine a symmetric state including real coefficients

a; =sin® cos D, a, =cos®, az = sin © sin ®. (46)

As a function of ®, we numerically calculate x2, 1/(1 + C) and C for the different value of
®, as shown in Fig. 1(a) and (b). We see that the red lines and black lines were completely
overlapping together. These numerical results directly display relations between them pre-
sented by Proposition 1, as we expected.

To generate the spin squeezing and the QFI, one-axis twisting model and two-axis model
are studied widely [14, 16-21]. As a natural supplement, we check 512, 1/2 — 512) and x?
of two-qubit system in the one-axis twisting model with three arbitrary external transverse
fields

H=2kS>+ Q.5 + 2,5, + 2.5, (47)

and the two-axis counter twisting model with three arbitrary external transverse fields
H =«(S5:Sy + 8,5 + Q2,5 + 2,8, +Q.S,, (48)

where 2;,i € {x,y, z} are the external transverse field strengthes. The initial state of the
two-qubit system is |11). For convenience, here, we take « = 1. For example, we randomly
make three strengthes 2, =3, Q, =2, Q. = 1. In general, the two models above cannot be
solved analytically, while numerical calculation can be carried out. We see that there exists
the superposition of red line corresponding to 1/(2 — £?2) and green line corresponding to
x?2, as shown in Fig. 2(a) and (b). Also, these numerical results directly verify the relations

between x* and & in Proposition 1.

3.2 Quantum Fisher Information in Two-Qubit Asymmetric States

From the analysis of the previous section, it is known that the criterion x2 < 1 for the entan-
glement works well in symmetric states. However, for asymmetric states, how is the ability
of x2 < 1 to detect the entanglement? Here, we first present a simple example. Considering

a state of two-qubit given by

ly) = sina|10) + ¢ cosa|01) (49)
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Fig. 2 (Color online) & 12 (black line), 1/(2 — & 12) (red line) and X2 (green line) versus ¢. (a) and (b) corre-
spond to the one-axis twisting model with three arbitrary external transverse fields and the two-axis twisting
model with three arbitrary external transverse fields, respectively

with pairwise entanglement C = |sin2«]|, it has the property (S,) =0 (u € {x, y,z}) and
[S., S¢l+ =[S;, Sy1+ = 0, hence the mean spin equals to zero and its direction may be in
any direction. Through the same procedure given by the previous section, the maximal spin
fluctuation can be obtained as

1 in2
max(AS;)? = w (50)

Substituting the above equation into (1) and (8) leads to

Fo_ 2(1 +cos BC), if sin2a > 0, (51
27 12(1 —cosBC), if sin2a <O,
1 . .
X2 _ | Treope if sin2« > 0, (52)
e if sin2a <0.

It is clear that if cos 8 = 0, the quantity x? always equals to one, and a direct consequence
is that x2 cannot detect whether the above state is an entangled state or not. However, the
state in (49) is entangled for o # nr /2. This fact shows that the criterion x? < 1 implies the
entanglement only is a sufficient condition, but not a necessary one. In order to generalize the
results of Proposition 1 to arbitrary pure states of two qubits, we will introduce in following
section a generalized X; which satisfies the relation given by the proposition above.

4 Quantum Fisher Information with Local Unitary Invariance
4.1 Generalized QFI and New Quantity X;

Having studied the QFI in the symmetric pure states of two-qubit systems, now we explore
the possibility of extending the concept of x? to arbitrary pure state of two-qubit in order
to overcome the problem of (49). Here individual qubits are controllable in the sense that
they are accessible to local operations. Firstly, we redefine the total mean spin direction of
system with N particles in terms of the local mean spin direction given by [38].

NG ﬁ

(G:)] = (a7} - (&:)'/?, i eN. (53)
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Considering a mutually orthogonal set (7;, ,7;-, ;) of unit vector associated with each
qubit, we can redefine a collective spin operator in terms of ¢; and 719

I s
=52 G fio. (54)

Then, we can get another collective spin operators perpendicular to Jo

N
1 oA 1 A
]l=E E 0; N1, JF=§ E 0 * i, (55

i=1 i=1
which are governed by the cyclic commutation relations. For example, we can easily verify
o, Jel=ido. (56)

Based on this, it leads to the uncertainty relation
1
(AJ (A = EI(Jo)I- (57)

Analogous to the QFI and the definition of x2, we define a new QFI with the maximal spin
fluctuation max(A J;)? and a quantity X;

Fpo = 4max(AJ;)? x:= N
’ ¢ FgQ

(58)

We can give a similar sufficient criterion based on the quantity xj for particle entanglement

X;<1.

Also, the generalized two spin squeezing parameters are given by [38]

,  4min(AJ)? , _ Nmin(AJ)? 50
@ N T gp o Y

where min(A J,)? is the minimum spin fluctuation in the plane (L, F).
We will demonstrate that the condition x gz < 1, the entanglement and the spin squeezing
are mutually equivalent for two-qubit pure asymmetric state.

4.2 Generalized QFI and the Quantity ng in Two-Qubit Asymmetric States

Now we turn to the study of X; of two-qubit asymmetric pure states. We start from the
following lemma.

Lemma 3 For the asymmetric state
|¥) = sina|10) + e cosx|01), (60)
there exist the relations among X;, 512 , 522 and C

Regy=— o1 61)
O
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Proof We start form the classical state represented by (49)
|¥) = sina|10) + e cos«|01). (62)
It is obvious that
{0}l = {oiy)| =0, [{07,2)| = | cos 2at]. (63)
In view of the definition 7i;9, we can get three collective operators as

cos2u (o, —02.;)

Jo= , 64

0 2| cos 2«| ©4)
cos2a (o) x — 02.¢)

— 2Ly T P2k 65

+ 2| cos 2| ©5)

Jo = M. (66)

2

It should be noted that under the new definition of the collective operators, the condition
[Jo, J1 1+ = [Jo, J-1+ = 0 is satisfied. Therefore, we have similar results for the fluctuations

1
min(AJ10)* = S(2 +J2) — JU2 =227 1 (L J02), (67)
1
max(AJ10)* = S+ J2) + U2 =12+ (L 1102 (68)
max(AJ;)? = max(AJZ, max(AJo)?), (69)

where min(AJ ()% and max(AJ,y)?> were the minimum and the maximal spin fluctuation
in the plane perpendicular to Jy, respectively. By a direct calculation, we can obtain their
exact expressions as

(AJp)? = sin’Qa), (70)
. 5, 1 —|sin2a|
min(AJ )" = — s (71)
1 in 2
max(AJ.10)? = w (72)
Furthermore, we have
1

Foo=2(1+|sin2a|),  x; (73)

T T+ sin2af’
Also, we can obtain the expectation value and the second kind of spin squeezing parameter
P =cosQ),  Eh=—
14 | sin2«|
Then, we have the relations

2 2 1 1

=t = =—. 74
Xg g2 1+C 2_E§| ( )

O
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Based on this lemma we have the following lemma.

Lemma 4 For an arbitrary asymmetric state of two-qubit
|1/~/) =sina|10) + ¢'? cos «|01), (75)
there exist the relations among X;, & ;1, & ;2 and C

1 1
2 2
=== 76
Xe=52= 7170773 &, (76)

Proof Following similar steps leading to Lemma 2, we can transform the state of (49) to
the state of (75). Also, we need to perform the corresponding transformation on the three
collective operators redefined in (54) and (55). Then, they will become fo, J 1, Jl. It is
obvious that after the transformation, the cyclic commutation relations do not change. So
the thing we only need to do is to complete a replacement J; by J;,i € {L,F,0}. By a
similar calculation, we can obtain Lemma 4. O

Proposition 2 For an arbitrary state
[¥) = a1100) + a>|01) + a3|10)) + a4|11) (77)

of pair qubits in the standard basis {|00),|11), |01),|10)}, where ay, a», as and a4 are
arbitrary constants, we have that X; < 1 implies the entanglement and the spin squeezing
and vice versa. There are the relations among them

Ay - NS (78)
TR0 2-8)

Proof Following similar procedures leading to Proposition 1, we substitute the exact ex-
pressions of states |0) and |1) into the state |1/), it can be reduced to the state

[¥) = A1]00) + Az|01) 4 A3]10)) + A4[11) (79)

with the coefficients

P R
A; = (cosa+e sma)smicosiez ,

) 0 0
Ay = (e_’ﬁ sin o sin? 5~ cosa cos’ 5),
(80)
.0 —iB o 2 0
As; = [ cosasin 3 — e P sina cos 5 )

R R
Ay = —(cosa+e sma)smicosie .

Also, by appropriate of choice of «, B, 6 and ¢, we get that the coefficients A}, A,, A3 and
Ay are equal to ay, a,, a3 and ay, respectively. By a direct application of Lemma 4, we can
derive Proposition 2. It shows that the results of symmetric pure states can be generalized
to arbitrary pure states and reduced to Proposition 1 for symmetric pure states. From this
proposition, it is known that X; is local unitary invariant. In other words, states with the
same entanglement possess the same QFI and X;- |
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5 Conclusions

In conclusion, we have studied the relations among x2, the spin squeezing parameters
and the pairwise entanglement in two-qubit pure states. For symmetric states, we directly
demonstrate that the condition x? < 1, the spin squeezing and the entanglement are equiva-
lent, and x?2 is equal to the second kind of spin parameter 522. For arbitrary states, we provide
a local unitary invariant version of definition of x2. In this frame, the relations among the
three indicated quantities existing in symmetric states are still satisfied.
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